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Thermodynamic solution theories allow the prediction of chemical potentials in solutions of known com-
position. In cryobiology, such models are a critical component of many mathematical models that are
used to simulate the biophysical processes occurring in cells and tissues during cryopreservation. A num-
ber of solution theories, both thermodynamically ideal and non-ideal, have been proposed for use with
cryobiological solutions. In this work, we have evaluated two non-ideal solution theories for predicting
water chemical potential (i.e. osmolality) in multi-solute solutions relevant to cryobiology: the Elliott
et al. form of the multi-solute osmotic virial equation, and the Kleinhans and Mazur freezing point sum-
mation model. These two solution theories require ﬁtting to only single-solute data, although they can
make predictions in multi-solute solutions. The predictions of these non-ideal solution theories were
compared to predictions made using ideal dilute assumptions and to available literature multi-solute
experimental osmometric data. A single, consistent set of literature single-solute solution data was used
to ﬁt for the required solute-speciﬁc coefﬁcients for each of the non-ideal models. Our results indicate
that the two non-ideal solution theories have similar overall performance, and both give more accurate
predictions than ideal models. These results can be used to select between the non-ideal models for a
speciﬁc multi-solute solution, and the updated coefﬁcients provided in this work can be used to make
the desired predictions.
 2014 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/3.0/).Introduction
Many of the mathematical models that are used to simulate
cryopreservation protocols [1,2,15,25,26,31,34,35,44,54,59,60,68]
rely on the ability to accurately predict thermodynamic solution
behavior, since important processes such as water and solute
transport and ice formation are ultimately dictated by differences
in chemical potential. As a consequence, it is important to give
some thought to the choice of the solution theories that are used
to calculate these chemical potentials. This article examines and
evaluates some of the available theories for predicting water (i.e.
solvent) chemical potential, in particular those that do not depend
on multi-solute solution data.In cryobiology, water chemical potential is often expressed in
terms of its composition dependence, osmolality [3,11,14,15,
21,55,56,74], or in terms of the related properties freezing point
depression [3,14–16,21,38,50–52,55,74–76] and osmotic pressure
[37,44,55,73]. Freezing point depression and osmotic pressure are
physically measurable solution properties, and the relationships
between them and osmolality (described below in Eqs. (2) and
(3) and in Eq. (4), respectively) allow one to experimentally obtain
values for the osmolality of a solution. Solution osmolality can also
be related to other measurable properties, including vapor pres-
sure [23,67] and, for polymers, light scattering (based on index of
refraction) [22,28,29,36,58]. Such relationships form the basis of
osmometry, and allow one to measure the osmolality of any solu-
tion of interest. However, for the purposes of modeling cryopreser-
vation processes, measuring the osmolality of every solution of
interest is not feasible (e.g. solution compositions change con-
stantly as ice forms, or when cryoprotectants are added), nor is it
always possible (e.g. intracellular solutions are not accessible for
instantaneous measurement). As such, the ability to accurately
predict the solution osmolality is essential for cryobiological mod-
els where this property is an input.
Table 1
Values and units of the constants in Eqs. (1)–(4) [6].
Constant Value
R 8.314 J/(mol K) = 8.314 Pa m3/(mol K)
M1 1.802  102 kg/mol
Tom 273.15 K
Dsf1 22.00 J/(mol K)
q1 997 kg/m3
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ranging from salts and cryoprotectants to proteins and other mac-
romolecules, often at high concentrations—even those solutions
that are relatively dilute at room temperature become highly con-
centrated when frozen. As a result, cryobiological solutions are
generally thermodynamically non-ideal. Although this non-ideal-
ity can be ignored and an ideal dilute solution theory can be used
to model the solution behavior [18,25,26,31–35,44,68], doing so
can introduce signiﬁcant errors in the predictions of chemical
potential [14,55,56]. Accordingly, there are a number of solution
theories available in the literature which account for solution
non-ideality and have been demonstrated to accurately model
the osmolality of multi-solute solutions of cryobiological interest
[3,7,14,16,38,50–52,55,56,76]. However, the majority of these
solution theories depend on ﬁtting to multi-solute data, meaning
that every solution system (i.e. combination of solutes) of interest
must be ﬁt independently prior to being modeled [3,16,50–52,76].
Considering the vast range of possible solution systems that are
relevant in cryobiology (e.g. cytoplasm, plasma and interstitial ﬂu-
ids, multi-cryoprotectant vitriﬁcation cocktails [17,27,46]) and the
challenges inherent to the measurement of multi-solute phase dia-
grams (e.g. the number of measurements required for a given com-
positional resolution increases exponentially with the number of
solutes present in solution) [38], this type of approach is not prac-
tical for general modeling applications. Alternatively, there are at
least two solution theories available which allow the prediction
of osmolality in non-ideal multi-solute solutions using only sin-
gle-solute (i.e. binary solution) data: the form of the multi-solute
osmotic virial equation developed by Elliott et al. [7,14,15,55,56],
and the freezing point summation model of Kleinhans and Mazur
[38]. The primary aim of this work is to compare predictions of
multi-solute solution osmolality made with these two non-ideal
solution theories to available experimental data, to one another,
and to ideal dilute model predictions. This work expands upon ear-
lier comparisons [14,55], employing a larger set of literature data,
and addressing statistical and thermodynamic issues in the previ-
ous studies.
Multi-solute solution theories used in cryobiology
Solution thermodynamic properties
As mentioned above, osmolality, freezing point depression, and
osmotic pressure are all related to one another and, ultimately, to
water chemical potential. As these properties will be used inter-
changeably throughout this paper, we have summarized the rela-
tionships between them here. Osmolality, p, is mathematically
deﬁned as [14]
p ¼ l1  l
o
1
RTM1
; ð1Þ
where l1 is the chemical potential of water, lo1 is the chemical
potential of pure water, R is the universal gas constant, T is absolute
temperature (in Kelvin), and M1 is the molar mass of water (note
that the subscript ‘‘1’’ is typically reserved for the solvent—in this
case, water). Freezing point depression, DTm, and osmolality are
related by [55]
DTm ¼ Tom  Tm ¼
RTomp M1=Dsf1
h i
1þ Rp M1=Dsf1
h i ; ð2Þ
or, equivalently
p ¼ DTm
RTm½M1=Dsf1
¼ T
o
m  Tm
RTm M1=Dsf1
h i ; ð3Þwhere Tm is the absolute freezing point of the solution, T
o
m is the
absolute freezing point of pure water, and Dsf1 is the standard molar
entropy change of fusion of water. Eq. (3) is commonly linearized as
p ¼ DTm=1:86; however, this linearization introduces considerable
error [55] and will not be used here. Osmotic pressure, P, is related
to osmolality by [55]
P ¼ RTq1p; ð4Þ
where q1 is the density of water. The values and units of the con-
stants in Eqs. (1)–(4) are contained in Table 1.
Elliott et al. multi-solute osmotic virial equation
The Elliott et al. multi-solute osmotic virial equation is based on
the osmotic virial equation of McMillan and Mayer [45], an equa-
tion of state in which the osmolality is represented as a polynomial
in terms of solute concentration. Depending on the underlying the-
oretical assumptions, different units of concentration can be used,
giving two distinct thermodynamic models [14]. In terms of molal
concentration or molality (i.e. moles of solute per kg of solvent),
following Landau and Lifshitz solution theory [42], the single-
solute osmotic virial equation for solute i is [14,45]
p ¼ mi þ Biim2i þ Ciiim3i þ . . . ; ð5Þ
where mi is the molality of solute i (in moles of solute/kg of water),
and Bii and Ciii are the second and third molality-based osmotic viri-
al coefﬁcients of solute i, respectively (in [moles of solute/kg of
water]1 and [moles of solute/kg of water]2, respectively). Alterna-
tively, in terms of solute concentration in mole fraction (i.e.moles of
solute per total moles of all species), per regular solution theory
[53], the single-solute osmotic virial equation for solute i is [45,55]
~p ¼ xi þ Biix2i þ Ciiix3i þ . . . ; ð6Þ
where ~p is osmole fraction (unitless), xi is the mole fraction of solute
i, and Bii and C

iii are the second and third mole fraction-based osmo-
tic virial coefﬁcients of solute i, respectively (unitless). Osmole frac-
tion is a rarely-used alternative form of osmolality, deﬁned as [14]
~p ¼ l1  l
o
1
RT
: ð7Þ
Comparing Eqs. (1) and (7), osmolality and osmole fraction are
related by
~p ¼ M1p: ð8Þ
The osmotic virial coefﬁcients in Eqs. (5) and (6) account for
increasing orders of interaction between molecules of solute i:
the second osmotic virial coefﬁcient represents interactions
between two solute imolecules, the third osmotic virial coefﬁcient
represents interactions between three solute i molecules, and so
forth. As such, these coefﬁcients represent the non-ideality of the
solute—if they are all zero, solute i is thermodynamically ideal.
For electrolyte solutes, solute concentration must be multiplied
by an additional parameter, the dissociation constant [56]
p ¼ kimi þ BiiðkimiÞ2 þ CiiiðkimiÞ3 þ . . . ; ð9Þ
~p ¼ ki xi þ Biiðki xiÞ2 þ Ciiiðki xiÞ3 þ . . . ; ð10Þ
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ki is the mole fraction-based dissociation constant of solute i. This
dissociation constant empirically accounts for ionic dissociation,
charge screening, and other additional complexities inherent to
electrolytes [56]; for non-electrolyte solutes, its value is effectively
1. Through a simple, empirical demonstration, Pricket et al. [56]
have shown that for applications of interest to cryobiology, this
approach for electrolytes is as accurate as the more sophisticated
Pitzer–Debye–Huckel approach. To obtain values of the osmotic
virial coefﬁcients and (if applicable) the dissociation constant for
any solute of interest, Eqs. (5), (6), (9) or (10) can be curve-ﬁt to
osmometric (i.e. concentration versus osmolality) data for a binary
aqueous solution containing that single solute.
The osmotic virial equation can be extended to multi-solute
solutions by introducing osmotic virial cross-coefﬁcients, which
represent interactions between molecules of different solutes
[14,45]—for example, for a solution containing (r  1) solutes, the
molality-based osmotic virial equation (i.e. Eq. (5)) can be written
as follows
p ¼
Xr
i¼2
mi þ
Xr
i¼2
Xr
j¼2
Bijmimj þ
Xr
i¼2
Xr
j¼2
Xr
k¼2
Cijkmimjmk þ . . . ; ð11Þ
where Bij, Ciij, Cijj, Cijk, etc. are cross-coefﬁcients (e.g. Bij accounts for
interactions between one molecule of solute i and one of solute j). In
order to ﬁt for the values of the cross-coefﬁcients in Eqs. (11), one
must use multi-solute osmometric data. Alternatively, it is possible
to develop mixing rules to avoid this requirement. Thermodynamic
mixing rules are theoretical relations that predict the values of
cross-coefﬁcients using the values of individual solute coefﬁcients.
Elliott et al. [14,15] have proposed the following second and third
order mixing rules for the molality- and mole fraction-based osmo-
tic virial equations
Bij ¼ Bii þ Bjj2 ; ð12Þ
Cijk ¼ ðCiiiCjjjCkkkÞ1=3; ð13Þ
Bij ¼
Bii þ Bjj
2
; ð14Þ
Cijk ¼ ðCiiiCjjjCkkkÞ1=3: ð15Þ
Applying these mixing rules yields the molality- and mole
fraction-based Elliott et al. multi-solute osmotic virial equations
p ¼
Xr
i¼2
mi þ
Xr
i¼2
Xr
j¼2
ðBii þ BjjÞ
2
mimj
 
þ
Xr
i¼2
Xr
j¼2
Xr
k¼2
ðCiiiCjjjCkkkÞ1=3mimjmk
h i
þ . . . ; ð16Þ
~p ¼
Xr
i¼2
xi þ
Xr
i¼2
Xr
j¼2
ðBii þ BjjÞ
2
xixj
 
þ
Xr
i¼2
Xr
j¼2
Xr
k¼2
ðCiiiCjjjCkkkÞ1=3xixjxk
h i
þ . . . ; ð17Þ
or, in the presence of electrolytes
p ¼
Xr
i¼2
kimi þ
Xr
i¼2
Xr
j¼2
ðBii þ BjjÞ
2
kimikjmj
 
þ
Xr
i¼2
Xr
j¼2
Xr
k¼2
ðCiiiCjjjCkkkÞ1=3kimikjmjkkmk
h i
þ . . . ; ð18Þ
~p ¼
Xr
i¼2
ki xi þ
Xr
i¼2
Xr
j¼2
ðBii þ BjjÞ
2
ki xik

j xj
 
þ
Xr
i¼2
Xr
j¼2
Xr
k¼2
ðCiiiCjjjCkkkÞ1=3ki xikj xjkkxk
h i
þ . . . ; ð19Þwhere r is the number of solutes present. These equations have
been found to provide accurate predictions of osmolality in a wide
variety of non-ideal multi-solute solutions [3,7,14,43,54–56]. It
should, however, be noted that although Eqs. (16) (or (18)) and
(17) (or (19)) are similar in form and were derived using similar
methods, they were obtained using different starting assumptions
(regarding concentration units i.e. Landau and Lifshitz solution the-
ory versus regular solution theory). They are not equivalent, will not
necessarily yield the same predictions for a given solution, and it is
not possible to directly convert the coefﬁcients of one to those of
the other. That is, Eqs. (16) and (17) are effectively separate and dis-
tinct solution theories.
Kleinhans and Mazur freezing point summation model
The Kleinhans and Mazur freezing point summation model is
similar to the osmotic virial equation in that it also models the
osmolality (or, in this case, freezing point depression directly) as
being a polynomial function in terms of solute concentration
[38]. For a binary aqueous solution containing a single solute i, this
model represents the freezing point depression as [38]
DTm ¼ Tom  Tm ¼ ðC1imi þ C2im2i þ C3im3i Þ; ð20Þ
where C1i, C2i, and C3i are empirical solute-speciﬁc coefﬁcients. Like
the osmotic virial coefﬁcients, the coefﬁcients in Eq. (20) can be
obtained by ﬁtting to single-solute solution osmometric data. For
multi-solute solutions, Kleinhans and Mazur proposed summing
the freezing point depression equations of all solutes present, i.e.
[38]
DTm ¼ Tom  Tm ¼ 
Xr
i¼2
ðC1imi þ C2im2i þ C3im3i Þ; ð21Þ
where the number of solutes present is (r  1). While this approach
removes the need for multi-solute data, it does not account for
interactions between different solutes—that is, it ignores cross-
coefﬁcients. Despite this assumption, Eq. (21) has been found to
provide accurate predictions of freezing point depression in a
number of speciﬁc multi-solute solutions [3,21,38,75].
Ideal dilute models
Despite the non-ideal thermodynamic nature of the solutions
involved, solution models incorporating an ideal dilute assumption
are prevalent in cryobiology [8,9,11,12,18,30,31,34,37,39,61–
65,68–70]. One commonly-used form of ideal model is to assume
that the solution osmolality is equal to the total solute concentra-
tion [11,12,18,34,37,61,70]. This approach can be implemented
with concentration expressed in terms of, for example, molality
or mole fraction, i.e., respectively
p ¼
Xr
i¼2
mi; ð22Þ
~p ¼
Xr
i¼2
xi: ð23Þ
For electrolyte solutes in Eqs. (22) and (23), one can follow the
approach of Prickett et al. [55,56] and use the dissociation con-
stants obtained for the molality- and mole fraction-based osmotic
virial equations, i.e.
p ¼
Xr
i¼2
kimi; ð24Þ
~p ¼
Xr
i¼2
ki xi: ð25Þ
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referred to as the molality- (Eqs. (22) and (24)) and mole fraction-
(Eqs. (23) and (25)) based ideal dilute models.
Another ideal dilute approach often used in cryobiological mod-
els [8,9,30,31,39,62–65,68,69] is based on a direct implementation
of Raoult’s law (i.e. for an ideal dilute solution, chemical activity
equals mole fraction) and, notably, assumes that electrolytes disso-
ciate ideally in solution. In essence, this model, which will herein
be referred to as the ideal dissociation model, assumes that ionic
dissociation is the only property inherent to electrolytes that sets
them apart from non-electrolyte solutes with regards to contribut-
ing to solution osmolality, and accounts for this dissociation with a
stoichiometric coefﬁcient reﬂecting the number of ions released
per solute molecule. This approach is in direct contrast to the other
models considered here, all of which use empirically-measured
coefﬁcients to account for all potential electrolyte effects. Consis-
tent with the notation used in this work, the ideal dissociation
model can be expressed as
p ¼ 1
M1
ln 1þ 1
x1
Xr
i¼2
jixi
 !
; ð26Þ
where ji is the stoichiometric dissociation coefﬁcient of solute i (if
applicable; e.g. for NaCl or KCl, ji = 2) and x1 is the mole fraction of
water. It should be noted that a natural logarithm that has been lin-
earized in the mole fraction-based ideal dilute model (Eqs. (23) and
(25)) has not been linearized in the ideal dissociation model (Eq.
(26)). (Note also that this issue does not arise in the molality-based
ideal dilute model (Eqs. (22) and (24)), as no natural logarithm is
obtained in the derivation of water chemical potential from Landau
and Lifshitz solution theory.)
Comparison of multi-solute solution theories
Although both forms of the Elliott et al. multi-solute osmotic
virial equation (i.e. Eqs. (16) and (17)) as well as the Kleinhans
and Mazur freezing point summation model (i.e. Eq. (21)) have
been observed to accurately predict non-ideal solution behavior
in multi-solute solutions using only single-solute data, it would
be useful to compare the accuracy of the predictions of these three
models in as many multi-solute solutions of cryobiological interest
as possible. Such information could be used to help choose the
optimal model for working with a given solution system of inter-
est. Limited comparisons between these solution theories have
been made in the past [3,14,21,55], but these have been restricted
to only a few of the multi-solute systems for which data are avail-
able in the literature, and none have directly compared the molal-
ity- and mole fraction-based forms of the multi-solute osmotic
virial equation. There has yet to be a comprehensive quantitative
study comparing the abilities of all three of these models to predict
non-ideal multi-solute solution behavior for the range of available
cryobiologically-relevant multi-solute data in which the predic-
tions of all three models are based on a single consistent set of bin-
ary solution data. Such a study is the ultimate goal of this work;
however, there are some issues that must ﬁrst be addressed.
Solute-speciﬁc coefﬁcients are available in the literature for a
variety of solutes for both the multi-solute osmotic virial equation
[55] and the freezing point summation model [38,75]. However,
the binary solution data sets used to curve-ﬁt for these coefﬁcients
are not consistent—i.e. different data sets were used to obtain the
osmotic virial coefﬁcients than were used to obtain the freezing
point summation coefﬁcients, and, in fact, only half of the solutes
which have had osmotic virial coefﬁcients determined have had
freezing point summation coefﬁcients determined. As such, before
comparing the predictions made by the three non-ideal models
being studied here, solute-speciﬁc coefﬁcients will need to becurve-ﬁt for each model for all solutes of interest using a single
consistent collection of binary solution data sets. Additionally, it
should be noted that the mole fraction-based osmotic virial coefﬁ-
cients previously presented by Prickett et al. [55] were not curve-
ﬁt using Eq. (8) to convert between osmolality and osmole fraction;
rather, the following conversion equation was used
~p ¼ M1x1p: ð27Þ
Eq. (27) arises from an a priori assumption that is true only
under very speciﬁc conditions, namely, an ideal dilute solution if
the relationship between osmole fraction and chemical potential
is deﬁned as in this paper and in reference [14] (the relationship
is not given in reference [55]). Since the conversion between osmo-
lality and osmole fraction is useful only in non-ideal circumstances
and we have carefully deﬁned all of the surrounding relationships
in this work, we suggest that Eq. (27) not be used. Accordingly, we
have herein used Eq. (8) to reﬁt the available data to obtain
updated mole fraction-based osmotic virial coefﬁcients.
Finally, it is important to point out that while the Kleinhans and
Mazur freezing point summation model deﬁnes the number of sol-
ute-speciﬁc coefﬁcients to be used for each solute (three), the
osmotic virial equation does not. In principle, it is possible to ﬁt
the osmotic virial equation to osmometric data with any number
of osmotic virial coefﬁcients, regardless of solute, and the ﬁt should
improve, even if only slightly, with each added coefﬁcient. How-
ever, the model ﬁt converges quickly (recall that the osmotic virial
coefﬁcients represent increasing orders of interactions between
solute molecules), with each added coefﬁcient contributing pro-
gressively less to the accuracy of the ﬁt. Indeed, previous studies
[14,55] have shown that for most solutes, the second osmotic virial
coefﬁcient is sufﬁcient to accurately capture non-ideal solution
behavior, although some particularly non-ideal solutes such as
proteins require a third osmotic virial coefﬁcient [55]. Further-
more, as noted by Prausnitz et al. [53], excessive coefﬁcients (i.e.
overﬁtting) may actually lead to a loss of accuracy when predicting
the thermodynamic behavior of more complex, multi-solute solu-
tions, due to the corresponding need for a greater number of mix-
ing rules, each of which may have some uncertainty associated
with it arising from assumptions made in its development. For
these reasons, when curve-ﬁtting the osmotic virial equation, the
number of coefﬁcients used (i.e. the order of the ﬁt) should be lim-
ited to the minimum that gives an adequate ﬁt. Pricket et al. [55]
deﬁned and applied a criterion based on the adjusted R2 statistic
for determining the adequate order of ﬁt for the osmotic virial
equation. However, this criterion did not account for the fact that
the osmotic virial equation must pass through the origin (i.e. the
osmolality of pure water is zero). Furthermore, there exist other
criteria that are appropriate for establishing the order of ﬁt. In this
work, two criteria were applied to determine the number of osmo-
tic virial coefﬁcients required for both the molality- and mole frac-
tion-based osmotic virial equations: the adjusted R2 statistic,
taking into account regression through the origin, and conﬁdence
intervals on the osmotic virial coefﬁcients.
In summary, the speciﬁc objectives of this work are threefold.
First, to provide revised osmotic virial coefﬁcients for the molality-
and mole fraction-based multi-solute osmotic virial equations for
solutes of interest to cryobiology, using the relationship between
osmolality and osmole fraction deﬁned through water chemical
potential and an improved and extended set of criteria for selecting
the order of ﬁt. Second, to provide coefﬁcients for the freezing
point summation model for all the solutes considered in the ﬁrst
objective using the same data sets. And ﬁnally, using available lit-
erature experimental data, to quantitatively evaluate and compare
the accuracy of multi-solute solution osmolality predictions made
by these three non-ideal models, the ideal dissociation model, and
the molality- and mole fraction-based ideal dilute models.
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data
Multiple linear regression was used to curve-ﬁt the osmotic
virial equation (Eqs. (5), (6), (9) and (10)) and the freezing point
summation model (Eq. (20)) to literature single-solute solution
osmometric data in order to obtain the corresponding solute-spe-
ciﬁc coefﬁcients. The regression was performed using an analytical
matrix approach [49] (see Appendix A for details). Solutes consid-
ered included sodium chloride (NaCl) [72], potassium chloride
(KCl) [72], dimethyl sulphoxide (Me2SO) [5,14,24,57], glycerol
[5,14,47,72], propylene glycol (PG) [5,47,72,75], ethylene glycol
(EG) [47,72], ethanol [72], methanol [72,75], mannitol [72], sucrose
[19,72], dextrose [72], trehalose [48], hemoglobin [10], bovine
serum albumin (BSA) [71], and ovalbumin (OVL) [77]. All of the
data sets used were obtained from the literature expressed in
terms of either osmotic pressure versus solute concentration
[10,71,77] or freezing point depression versus solute concentration
[5,14,19,24,47,48,57,72,75]. For ﬁtting the osmotic virial equation,
the data were converted to osmolality versus concentration using
Eqs. (3) and (4), whereas for ﬁtting the freezing point summation
model, the data were converted to freezing point depression versus
concentration using Eqs. (2) and (4).
Determining order of ﬁt for the osmotic virial equation
For each solute, the order of ﬁt for the osmotic virial equation
(i.e. the number of osmotic virial coefﬁcients required) was deter-
mined using two criteria based on the adjusted R2 statistic and on
conﬁdence intervals on the osmotic virial coefﬁcients. These crite-
ria are described in detail below. In each case, starting with a zero-
order ﬁt (no coefﬁcients), the order of ﬁt was increased until one or
both of the criteria was no longer satisﬁed. The maximum order of
ﬁt that was not rejected by either criterion was chosen to represent
the solute in question.
As the freezing point summation model has a ﬁxed number of
coefﬁcients, calculations to determine order of ﬁt were not
required for this model. However, conﬁdence intervals on the coef-
ﬁcients were calculated using Eq. (30) (see below).
Adjusted R2 criterion
The coefﬁcient of determination, R2, is commonly used to eval-
uate the ﬁt of a model to data. In this work, in order to determine
the order of ﬁt for the osmotic virial equation, a regression-
through-origin form of the adjusted R2 was used
R2adj;RTO ¼ 1
P ðyðaÞ  y^ðaÞÞ2=ðn pÞP ðyðaÞÞ2=ðnÞ ; ð28Þ
where y(a) is the value at the ath data point, y^ðaÞ is the ﬁtted model
prediction of the ath data point, n is the total number of data points,
and p is the number of parameters/coefﬁcients in the model (see
Appendix B for further details). Note that the subscript ‘‘RTO’’ here
and elsewhere in this work indicates that the value applies to
regression through the origin. The speciﬁc criterion used to deter-
mine the order of ﬁt was deﬁned as follows: for the solute of inter-
est, the order of the ﬁt was progressively increased as long as the
added osmotic virial coefﬁcient increased R2adj;RTO by at least 0.005.
Conﬁdence interval criterion
Another method of determining the order of ﬁt for the osmotic
virial equation is by using conﬁdence intervals calculated on the
osmotic virial coefﬁcients (and if applicable, the dissociation con-
stant) at a given signiﬁcance level. Speciﬁcally, when consideringan increase in the order of ﬁt, it should be veriﬁed that in the
higher-order model, the conﬁdence interval of the added coefﬁ-
cient does not include zero—if it does, then the higher-order model
is not appropriate and, therefore, the order of ﬁt should not be
increased. It should be noted that this criterion is mathematically
equivalent to conducting a t-test to evaluate the hypothesis that
the regression coefﬁcient that would be added (in the higher-order
model) is equal to zero.
For the ith regression coefﬁcient, bi a 100(1  a)% conﬁdence
interval can be calculated using [49]
b^i  ta=2;nprb^i ; ð29Þ
where rb^i is the standard error of b^i and ta=2;np is the right-tailed
(a/2)% point of the Student’s t-distribution with n  p degrees of
freedom. The standard error of b^i is given by
rb^i ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r^2Sii
p
; ð30Þ
where Sii is the iith element of covariance matrix S ¼ ðFTFÞ1, F is the
design matrix (see Appendix A), and r^2 is the estimated model var-
iance, deﬁned by
r^2 ¼
P ðyðaÞ  y^ðaÞÞ2
n p : ð31Þ
In this work, a criterion based on a 95% conﬁdence interval (i.e.
a = 0.05) was used.
It should be noted that for electrolyte solutes, which require a
dissociation constant and thus use the forms of the osmotic virial
equation in Eqs. (9) and (10), the regression coefﬁcients do not
equal the osmotic virial coefﬁcients. As a consequence, the calcula-
tion of conﬁdence intervals on the osmotic virial coefﬁcients of
electrolyte solutes requires the use of error propagation equations
to obtain the corresponding standard errors (e.g. see Bevington and
Robinson [4]).
Statistical methods for evaluation of multi-solute (ternary and
quaternary) solution osmolality predictions
Once all required coefﬁcients had been obtained, the three non-
ideal models (i.e. the molality- and mole fraction-based multi-sol-
ute osmotic virial equations and the freezing point summation
model) along with the ideal dissociation model and the molality-
and mole fraction-based ideal dilute models were used to predict
osmolalities in several multi-solute solution systems of cryobiolog-
ical interest for which experimental data [3,14,19,21,24,52,
66,75,78] were available in the literature. For the freezing point
summation model (Eq. (21)), freezing point depression predictions
were converted to osmolality predictions using Eq. (3). For both
mole fraction-based models (Eqs. (17) and (19) and Eqs. (23) and
(25)), osmole fraction predictions were converted to osmolality
predictions using Eq. (8).
The osmolality predictions of all six models were compared to
the literature experimental osmolality measurements. All of the
literature data were considered in the form of solution osmolality
versus overall solute concentration (conversions were carried out
where necessary), with the data for each solution system organized
into one or more isopleths. An isopleth is a set of osmolality mea-
surements made at increasing overall solute concentrations with
all solute mass ratios held constant. The number of isopleths avail-
able for the various solution systems considered varied from 1 to
100 (see Table 2 for details). For some of the solution systems
[14,21,75,78], numerical data were directly available; for others
[3,19,24,52,66], only graphical data were available. In the latter
case, numerical data values were estimated by digitizing the pub-
lished graphs. For all but one of these data sets, the graphical data
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The exception was the data for the glycerol + NaCl system [66],
for which only plots (i.e. curves) of the data were available. To ana-
lyse this data set, evenly-spaced (in terms of composition) points
were chosen along each data curve, and those points were taken
to represent the data for that curve. The number of ‘‘data points’’
obtained this way ranged from eight to thirteen, depending on
the length of the curve. Special note should also be taken of the
data for the EG + NaCl system [3]. In this case, Benson et al. took
three experimental measurements at each composition of interest.
However, the graphical data in that work does not always show the
three measurements as distinct. In such instances, the measure-
ments were assumed to overlay—i.e. the one data point apparent
was taken to represent three measurements.
The accuracy of the model predictions was evaluated using two
quantitative measures. The ﬁrst was the regression-through-origin
(non-adjusted) R2 statistic, R2RTO, i.e.
R2RTO ¼ 1
P ðyðaÞ  y^ðaÞÞ2P ðyðaÞÞ2 ; ð32Þ
where y^ðaÞ in this case refers to the multi-solute (as opposed to ﬁt-
ted single-solute) model prediction of the ath data point. The sec-
ond measure was the percent mean relative magnitude error
(%MRME), deﬁned as
%MRME ¼ 1
n
Xn
a¼1
yðaÞ  y^ðaÞ
yðaÞ

 100%: ð33Þ
For each of the six solution models, R2RTO and %MRME values
were calculated for each isopleth in each solution system. The val-
ues of each measure were then averaged over all the isopleths
within a given solution system. The resulting averages represent
the overall accuracy of the corresponding model predictions in that
solution system.Results and discussion
The ﬁtted molality- and mole fraction-based osmotic virial coef-
ﬁcients obtained from literature single-solute solution data are
given in Tables 3 and 4, respectively. As done by Prickett et al.
[55], the solutes here have been organized into groups by type of
molecule: electrolytes, cryoprotectants, alcohols, sugars, and pro-
teins. For both the molality- and mole fraction-based osmotic virial
equations, the same twelve solutes (of ﬁfteen considered) were
found to require at least second order ﬁts (i.e. second osmotic virial
coefﬁcients Bii). The exceptions in both cases were KCl, mannitol,
and trehalose; these solutes did not require any osmotic virial coef-
ﬁcients and thus, by the criteria deﬁned in this work, can be con-
sidered ideal when using the osmotic virial equation. Further, for
the molality-based osmotic virial equation, three solutes—ethanol,Table 2
Number of isopleths available for each of the multi-solute solution
systems considered in this work.
Solution system Number of isopleths Source
BSA + OVL 1 [78]
Me2SO + glycerol 2 [14]
Me2SO + NaCl 8 [24]
EG + NaCl 5 [3]
Glycerol + NaCl 7 [66]
Methanol + NaCl 3 [75]
NaCl + PG 3 [75]
NaCl + sucrose 6 [19]
EG + NaCl + sucrose 100 [21]
Glycerol + NaCl + PG 3 [52]and the proteins hemoglobin and BSA—required third-order ﬁts,
and for the mole fraction-based osmotic virial equation, four sol-
utes—Me2SO, ethanol, hemoglobin, and BSA—also required third-
order ﬁts. None of the solutes for either model were found to
require fourth-order or higher ﬁts. The molality-based coefﬁcients
obtained here are largely the same as those reported by Prickett
et al. [55], with the exceptions of those for EG, ethanol, sucrose,
and trehalose. For ethanol and trehalose, these differences reﬂect
the updated criteria used for selecting the order of ﬁt; for sucrose,
they reﬂect additional data [19] that were used; and for EG, they
reﬂect both additional data [47] and the new criteria. Conversely,
the mole fraction-based coefﬁcients are almost entirely different
from those of Prickett et al. (the exception here being the ideal
non-electrolyte solute mannitol). The differences in this latter case
primarily arise from the use of Eq. (8) (instead of Eq. (27)) to deﬁne
the relationship between osmolality and osmole fraction in this work.
The ﬁtted coefﬁcients for the Kleinhans and Mazur freezing
point summation model are given in Table 5. Kleinhans and Mazur
[38] have previously reported coefﬁcients for NaCl, glycerol,
Me2SO, sucrose, and EG, and Weng et al. [75] have previously
reported coefﬁcients for methanol and PG. The coefﬁcients
obtained here for those solutes are, in all cases, at least slightly dif-
ferent. These differences likely have to do with the additional data
used in this work, as well as the fact that Kleinhans and Mazur
thinned the data that they used in order to minimize the weighting
of data at lower concentrations [38]. In this work, all available data
points from all cited sources were used. It should be noted that for
many of the solutes considered (speciﬁcally: Me2SO, PG, ethanol,
mannitol, dextrose, trehalose, hemoglobin, BSA, and OVL), the
95% conﬁdence intervals for one or more of the freezing point sum-
mation coefﬁcients include zero (see bolded values in Table 5).
These occurrences may indicate situations where the use of a
third order ﬁt with the freezing point summation model is not
appropriate.
Using the corresponding coefﬁcients in Tables 3–5, the
molality- and mole fraction-based Elliott et al. multi-solute
osmotic virial equations (Eqs. (16), (18), (17) and (19), respec-
tively), the Kleinhans and Mazur freezing point summation model
(Eq. (21)), the ideal dissociation model (Eq. (26)), and the molality-
and mole fraction-based ideal dilute models deﬁned in Eqs. (22),
(24), (23) and (25), respectively, were used to make predictions
of solution osmolality in each of the ten multi-solute solution
systems listed in Table 2. Figs. 1–10 show a representative isopleth
and corresponding model predictions from each of the considered
solution systems. Tables 6 and 7 give the average values of R2RTO and
%MRME, respectively, calculated over all isopleths within a given
solution system for each of the six models considered. Each table
also contains an overall (unweighted, e.g. with respect to number
of isopleths) average value of its corresponding measure calculated
over all the solution systems for each model.
Before discussing the results in Tables 6 and 7, an important
point should be made regarding one of the measures of model pre-
diction accuracy used in this work, that is, R2RTO. As is discussed in
greater detail in Appendix B, R2RTO is not directly comparable to a
‘‘standard’’ R2 statistic (i.e. one with the total sum of squares calcu-
lated using Eq. (B3) instead of Eq. (B7)). In fact, R2RTO values for a
given prediction or ﬁt will always be higher than the correspond-
ing R2 values. Thus, for example, while a value of R2 = 0.9 might
represent a respectable prediction, R2RTO ¼ 0:9 does not.
From the results in Tables 6 and 7 and Figs. 1–10, it is evident
that the three non-ideal models perform considerably better than
the three ideal models. However, none of the three non-ideal
models is clearly superior to the others. Each non-ideal model
has solution systems where it is noticeably—at least, in terms of
%MRME—more accurate than the other two (e.g. Me2SO + glycerol
for the molality-based multi-solute osmotic virial equation,
Table 3
Elliott et al. molality-based osmotic virial coefﬁcients with corresponding 95% conﬁdence intervals (CI), for use in Eq. (16). The order-limiting criterion for each solute denotes
which of the ﬁtting criteria—adjusted R2 (R2adj;RTO), conﬁdence interval (CI), or both—rejected further increases in the order of ﬁt for that solute.
Solute [source] Maximum molality (mol/kg) ki [±95% CI] Bii (molal1) [±95% CI] Ciii (molal2) [±95% CI] R2adj;RTO Order-limiting criterion
NaCl [72] 5.111 1.678 [±0.016] 0.044 [±0.002] 0 1.000 R2adj;RTO
KCl [72] 2.004 1.772 [±0.003] 0 0 1.000 R2adj;RTO
Me2SO [5,14,24,57] 14.975 1 0.108 [±0.005] 0 0.996 R2adj;RTO
Glycerol [5,14,47,72] 16.288 1 0.023 [±0.001] 0 0.998 R2adj;RTO
PG [5,47,72,75] 19.713 1 0.039 [±0.001] 0 0.998 R2adj;RTO
EG [47,72] 24.166 1 0.020 [±0.001] 0 0.998 R2adj;RTO
Ethanol [72] 46.125 1 0.012 [±0.003] 0.0004 [±0.0001] 0.995 R2adj;RTO
Methanol [72,75] 66.323 1 0.0036 [±0.0002] 0 0.999 R2adj;RTO
Mannitol [72] 0.969 1 0 0 1.000 R2adj;RTO
Sucrose [19,72] 5.329 1 0.116 [±0.004] 0 0.998 R2adj;RTO
Dextrose [72] 2.379 1 0.044 [±0.001] 0 1.000 R2adj;RTO
Trehalose [48] 1.108 1 0 0 0.997 Both
Hemoglobin [10] 1.23  102 1 49.3 [±18.6] 3.07  104 [±0.18  104] 1.000 Both
BSA [71] 9.72  103 1 370.5 [±361.9] 1.60  105 [±0.42  105] 0.997 Both
OVL [77] 1.95  102 1 378.5 [±14.9] 0 0.994 R2adj;RTO
Table 4
Elliott et al. mole fraction-based osmotic virial coefﬁcients with corresponding 95% conﬁdence intervals (CI), for use in Eq. (17). The order-limiting criterion for each solute
denotes which of the ﬁtting criteria—adjusted R2 (R2adj;RTO), conﬁdence interval (CI), or both—rejected further increases in the order of ﬁt for that solute.
Solute [source] Maximum mole fraction ki⁄ [±95% CI] Bii⁄ [±95% CI] Ciii⁄ [±95% CI] R2adj;RTO Order-limiting criterion
NaCl [72] 0.084 1.644 [±0.021] 3.80 [±0.17] 0 1.000 R2adj;RTO
KCl [72] 0.035 1.818 [±0.004] 0 0 1.000 R2adj;RTO
Me2SO [5,14,24,57] 0.212 1 2.35 [±1.69] 43.6 [±9.6] 0.998 Both
Glycerol [5,14,47,72] 0.227 1 3.17 [±0.07] 0 0.999 R2adj;RTO
PG [5,47,72,75] 0.262 1 4.98 [±0.14] 0 0.998 R2adj;RTO
EG [47,72] 0.303 1 3.41 [±0.03] 0 1.000 Both
Ethanol [72] 0.454 1 3.90 [±0.16] -7.36 [±0.41] 0.999 R2adj;RTO
Methanol [72,75] 0.544 1 2.63 [±0.07] 0 0.997 R2adj;RTO
Mannitol [72] 0.017 1 0 0 0.999
Sucrose [19,72] 0.088 1 8.68 [±0.25] 0 0.999 Both
Dextrose [72] 0.041 1 3.65 [±0.06] 0 1.000 R2adj;RTO
Trehalose [48] 0.020 1 0 0 0.997 Both
Hemoglobin [10] 2.21  104 1 2.73  103 [±1.03  103] 9.46  107 [±0.56  107] 1.000 Both
BSA [71] 1.75  104 1 2.05  104 [±2.01  104] 4.94  108 [±1.31  108] 0.997 Both
OVL [77] 3.51  104 1 2.10  104 [±0.08  104] 0 0.994 R2adj;RTO
Table 5
Kleinhans and Mazur freezing point summation model coefﬁcients with corresponding 95% conﬁdence intervals (CI), for use with Eq. (21). Bolded values indicate coefﬁcients
where the 95% conﬁdence interval includes zero.
Solute [Source] Maximum Molality (mol/kg) C1i (C/molal) [±95% CI] C2i (C/molal2) [±95% CI] C3i (C/molal3) [±95% CI] R2adj;RTO
NaCl [72] 5.111 3.357 [±0.006] 0.0043 [±0.0043] 2.56  102 [±0.07  102] 1.000
KCl [72] 2.004 3.398 [±0.018] 0.1789 [±0.0283] 4.37  102 [±1.04  102] 1.000
Me2SO [5,14,24,57] 14.975 1.599 [±0.503] 0.1824 [±0.1057] 1.46  103 [±5.32  103] 0.998
Glycerol [5,14,47,72] 16.288 1.998 [±0.075] 0.0286 [±0.0162] 1.26  103 [±0.78  103] 1.000
PG [5,47,72,75] 19.713 2.109 [±0.142] 0.0375 [±0.0236] 5.67  104 [±8.96  104] 0.999
EG [47,72] 9.062 1.814 [±0.034] 0.0548 [±0.0045] 1.76  103 [±0.14  103] 1.000
Ethanol [72] 46.125 2.389 [±0.100] 0.0324 [±0.0074] 7.23  105 [±12.47  105] 0.998
Methanol [72,75] 66.323 2.044 [±0.024] 0.0104 [±0.0012] 1.89  105 [±1.43  105] 1.000
Mannitol [72] 0.969 1.871 [±0.021] 0.0055 [±0.0680] 2.20  102 [±5.24  102] 1.000
Sucrose [19,72] 5.329 1.824 [±0.145] 0.2825 [±0.1080] 1.84  102 [±1.65  102] 0.999
Dextrose [72] 2.379 1.851 [±0.014] 0.0718 [±0.0202] 1.34  105 [±662.02  105] 1.000
Trehalose [48] 1.108 1.709 [±0.532] 0.3539 [±1.3955] 4.88  101 [±8.72  101] 0.999
Hemoglobin [10] 1.23  102 2.191 [±0.641] 14.1 [±154.7] 6.13  104 [±0.90  104] 1.000
BSA [71] 9.72  103 5.091 [±10.692] 2.29  102 [±31.33  102] 3.59  105 [±2.22  105] 0.997
OVL [77] 1.95  102 2.239 [±3.442] 1.13  103 [±0.52  103] 1.05  104 [±1.88  104] 0.997
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Fig. 1. Experimental isopleth and model predictions for the solution system
BSA + OVL, at a solute mass ratio of BSA:OVL = 3:2. Data are from Yousef et al. [78].
The predictions of the molality- and mole fraction-based multi-solute osmotic virial
equations overlay directly, as do the predictions of the ideal dissociation model and
the molality- and mole fraction-based ideal dilute models.
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Fig. 2. Experimental isopleth and model predictions for the solution system
Me2SO + glycerol, at a solute mass ratio of glycerol:Me2SO = 1:2. Data are from
Elliott et al. [14]. The error bars on the data points represent the standard deviations
of the experimental measurements.
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Fig. 3. Experimental isopleth and model predictions for the solution system
Me2SO + NaCl, at a solute mass ratio of Me2SO:NaCl = 2:1. Data are from Hilde-
brandt’s thesis [24].
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Fig. 4. Experimental isopleth and model predictions for the solution system
EG + NaCl, at a solute mass ratio of EG:NaCl = 10:1. Data are from Benson et al. [3].
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Fig. 5. Experimental isopleth and model predictions for the solution system
glycerol + NaCl, at a solute mass ratio of glycerol:NaCl = 7:3. Data are from Shepard
et al. [66].
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Fig. 6. Experimental isopleth and model predictions for the solution system
methanol + NaCl, at a solute mass ratio of methanol:NaCl = 10:1. Data are from
Weng et al. [75].
312 M.W. Zielinski et al. / Cryobiology 69 (2014) 305–317EG + NaCl + sucrose for the mole fraction-based multi-solute
osmotic virial equation, and NaCl + sucrose for the freezing point
summation model), but overall the performance of all three non-
ideal models is very close. In contrast to the non-ideal models,
there is a distinct difference in the performance of one of the
ideal models relative to the other two: the molality-based ideal
dilute model and the ideal dissociation model clearly providemore accurate predictions than the mole fraction-based ideal
dilute model in almost all of the solution systems considered
(the lone exception being BSA + OVL, where all three ideal models
provide equally poor predictions). Given that the main difference
between the molality- and mole fraction-based ideal dilute mod-
els is the way in which concentration is deﬁned, the gap in their
prediction accuracy highlights the importance of the choice of
concentration units in thermodynamic modeling.
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Fig. 7. Experimental isopleth and model predictions for the solution system
NaCl + PG, at a solute mass ratio of PG:NaCl = 15:1. Data are from Weng et al. [75].
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Fig. 8. Experimental isopleth and model predictions for the solution system
NaCl + sucrose, at a solute mass ratio of sucrose:NaCl = 5:1. Data are from Gayle
et al. [19].
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Fig. 9. Experimental isopleth and model predictions for the solution system
EG + NaCl + sucrose, at a solute mass ratio of EG:sucrose:NaCl = 30:5:1. Data are
from Han et al. [21].
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Fig. 10. Experimental isopleth and model predictions for the solution system
glycerol + NaCl + PG, at a solute mass ratio of glycerol:PG:NaCl  5:4:2. Data are
from Pegg and Arnaud [52].
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Our results indicate that the three non-ideal models provide
superior multi-solute predictions as compared to the three ideal
models. Furthermore, although in certain solution systems there
was a clearly dominant model, all three non-ideal models exhibited
similar performance overall (i.e.when accounting for all considered
solution systems). Based on these results, we strongly recommend
the use of at least one of the three non-ideal models evaluated herewhen predicting solution osmolality (e.g. when modeling osmotic
responses). The results of the multi-solute solution analysis in this
work can be used to aid in the choice of a particular model, depend-
ing on the composition of the solutions being modeled. Once a
model has been chosen, the corresponding single-solute coefﬁ-
cients that have been determined here can be used to make the
desired predictions.
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Appendix A. Matrix approach to multiple linear regression
The solute-speciﬁc coefﬁcients for the non-ideal models consid-
ered in this work were curve-ﬁt using an analytical matrix
approach to multiple linear regression. The general concept of this
approach is brieﬂy outlined here, along with details of the speciﬁc
implementation for each non-ideal model.
Given ‘‘n’’ data points and ‘‘p’’ regressor variables (each of which
has an associated regression coefﬁcient), the general multiple lin-
ear regression model can be expressed as follows [49]
yðaÞ ¼ b1f 1ðaÞ þ b2f 2ðaÞ þ . . .þ bpf pðaÞ þ eðaÞ for a ¼ 1; . . . ;n; ðA1Þ
where y is the dependent variable (sometimes called the regressand
or observation), b1, . . ., bp are the regression coefﬁcients, f1, . . ., fp are
the regressor variables, and e is the error of the model prediction.
The number in brackets (i.e. a) denotes the ath data point. The val-
ues of y and f1, . . ., fp are known (obtained from experimental data),
and the unknowns are the regression coefﬁcients b1, . . ., bp. Eq. (A1)
can be written in matrix notation as [49]
y
* ¼ b
*
F þ e*; ðA2Þ
where y
*
is an (n  1) vector of the dependent variables (the regres-
sand vector), is a (p  1) vector of regression coefﬁcients (the
parameter vector), F is an (n  p) matrix of regressors (the design
matrix), and e
*
is an (n  1) vector of prediction errors. To obtain
an estimate for the unknown values of b
*
, the method of ordinary
least squares can be used. This method ﬁnds the values of b
*
that
minimize the sum of the squared errors of the model predictions
(i.e. minimize the sum of the squared residuals). In matrix notation,
the ordinary least squares estimate of b
*
, b
*^
, is [49]
Table 6
Isopleth-averaged regression-through-the-origin R2 (R2RTO) values calculated for each of the multi-solute solution systems considered for predictions made using the molality- and
mole fraction-based ideal dilute models, the ideal dissociation model, the Elliott et al. molality- and mole fraction-based multi-solute osmotic virial equations (MSOVE), and the
Kleinhans and Mazur freezing point summation model.
Solution system Maximum
osmolality
(osmol/kg)
Molality
ideal model
R2RTO
Mole fraction
ideal model
R2RTO
Ideal
dissociation
model R2RTO
Elliott et al.
molality MSOVE
R2RTO
Elliott et al. mole
fraction MSOVE
R2RTO
Kleinhans and Mazur freezing
point summation model R2RTO
BSA + OVL 0.07 0.325 0.325 0.325 0.992 0.992 0.867
Me2SO + Glycerol 9.06 0.918 0.881 0.900 0.996 0.974 0.972
Me2SO + NaCl 45.00 0.823 0.758 0.826 0.996 0.980 0.973
EG + NaCl 24.43 0.907 0.813 0.869 0.986 0.993 0.989
Glycerol + NaCl 31.09 0.948 0.884 0.950 0.974 0.989 0.991
Methanol + NaCl 8.43 0.990 0.967 0.984 0.995 0.994 0.997
NaCl + PG 10.06 0.939 0.906 0.936 0.989 0.997 0.994
NaCl + sucrose 23.07 0.931 0.876 0.941 0.927 0.958 0.990
EG + NaCl + sucrose 28.53 0.924 0.827 0.882 0.997 0.999 0.997
Glycerol + NaCl + PG 25.71 0.915 0.815 0.879 0.994 0.996 0.996
Overall average 0.862 0.805 0.849 0.985 0.987 0.977
Table 7
Isopleth-averaged percent mean relative magnitude error (%MRME) values calculated for each of the multi-solute solution systems considered for predictions made using the
molality- and mole fraction-based ideal dilute models, the ideal dissociation model, the Elliott et al. molality- and mole fraction-based multi-solute osmotic virial equations
(MSOVE), and the Kleinhans and Mazur freezing point summation model.
Solution system Maximum
osmolality
(osmol/kg)
Molality
ideal model
%MRME
Mole fraction
ideal model
%MRME
Ideal
dissociation
model %MRME
Elliott et al.
molality MSOVE
%MRME
Elliott et al. mole
fraction MSOVE
%MRME
Kleinhans and Mazur
freezing point summation
model %MRME
BSA + OVL 0.07 65.84 65.84 65.84 11.29 11.27 34.91
Me2SO + Glycerol 9.06 18.56 21.96 20.29 4.91 11.43 13.13
Me2SO + NaCl 45.00 33.71 39.27 31.73 9.24 15.29 16.63
EG + NaCl 24.43 30.96 38.40 33.55 19.72 16.08 18.82
Glycerol + NaCl 31.09 17.78 25.06 14.22 8.13 7.18 6.61
Methanol + NaCl 8.43 11.70 18.21 13.56 8.80 8.28 6.21
NaCl + PG 10.06 20.36 23.78 19.78 12.24 8.50 7.48
NaCl + sucrose 23.07 22.03 27.83 21.37 20.67 18.68 11.48
EG + NaCl + sucrose 28.53 20.73 28.83 24.15 8.03 5.45 7.95
Glycerol + NaCl + PG 25.71 20.55 30.79 23.31 4.83 5.77 4.17
Overall average 26.22 32.00 26.78 10.79 10.79 12.74
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*^
¼ ðFTFÞ1FT y* : ðA3Þ
A ‘‘hat’’ (^) above a value indicates that that value is an estimate
from a ﬁtted regression model. In this work, wherever used, the
matrix approach was implemented using MATLAB R2010b (Math-
Works, Natick, MA).
Using this matrix approach, the molality and mole-fraction
based forms of the osmotic virial equation were ﬁt to each of the
binary (i.e. single-solute) solution data sets (written in terms of
osmolality versus concentration) in order to obtain the corre-
sponding osmotic virial coefﬁcients (and, if applicable, the dissoci-
ation constant) for the solute of interest. Note that Eqs. (9) and (10)
can be curve-ﬁt as written; however, Eqs. (5) and (6) must be
rewritten in order to avoid having regressors without coefﬁcients,
i.e., respectively
pmi ¼ Biim2i þ Ciiim3i þ . . . ; ðA4Þ
and
~p xi ¼ Biix2i þ Ciiix3i þ . . . : ðA5Þ
The regressors in Eqs. (9), (10), (A4) and (A5) are the concentra-
tion powers, and the regression coefﬁcients are the osmotic virial
coefﬁcients and/or the dissociation constants. For example, for
Eq. (A4), the ﬁrst two regressors are f 1 ¼ m2i and f 2 ¼ m3i , and the
ﬁrst two regression coefﬁcients are b1 ¼ Bii and b2 ¼ Ciii. For each
of Eqs. (9), (10), (A4) and (A5), the forms of y
*
F, and b
*
are given
in Table A1.The matrix approach was also used to curve-ﬁt the freezing
point summation model to the binary solution data (written in
terms of freezing point depression versus concentration) to obtain
the corresponding solute-speciﬁc coefﬁcients. The forms of, F, and
b
*
for this model (Eq. (20)) are also given in Table A1.
Appendix B. Adjusted R2 and regression through the origin
In this work, a criterion based on the coefﬁcient of determina-
tion was used to determine the order of ﬁt to single-solute solution
data for the molality- and mole fraction-based forms of the osmo-
tic virial equation. The coefﬁcient of determination, R2, can be
deﬁned as [13,49]
R2 ¼ 1 ESS
TSS
; ðB1Þ
where ESS is the error sum of squares and TSS is the total sum of
squares. The error sum of squares is deﬁned as [13,49]
ESS ¼
Xn
a¼1
ðyðaÞ  y^ðaÞÞ2; ðB2Þ
with n  p degrees of freedom, where y(a) is the value at the ath data
point, y^ðaÞ is the ﬁtted model prediction of the ath data point, n is
the total number of data points, and p is the number of parame-
ters/coefﬁcients in the model. The total sum of squares is commonly
given as [13,49]
TSS ¼
Xn
a¼1
ðyðaÞ  yÞ2; ðB3Þ
Table A1
Forms of y
*
, F, and b
*
for the osmotic virial equation (OVE) and freezing point summation model.
Applicable Model y
*
b
*
F
Molality-based, electrolyte OVE: Eq. (9)
p
* ¼
pð1Þ
..
.
pðnÞ
* + ki
k2i Bii
k3i Ciii
..
.
* + mið1Þ m2ið1Þ m3ið1Þ 	 	 	
..
. ..
. ..
. ..
.
miðnÞ m2iðnÞ m
3
iðnÞ 	 	 	
2
664
3
775
Mole fraction-based, electrolyte OVE: Eq. (10)
p

* ¼
p


ð1Þ
..
.
p


ðnÞ
* + ki
k2i B

ii
k3i C

iii
..
.
* + xið1Þ x2ið1Þ x3ið1Þ 	 	 	
..
. ..
. ..
. ..
.
xiðnÞ x2iðnÞ x
3
iðnÞ 	 	 	
2
664
3
775
Molality-based, non-electrolyte OVE: Eq. (A4)
ðpmiÞ
* ¼
pð1Þ mið1Þ
..
.
pðnÞ miðnÞ
* + Bii
Ciii
..
.
* + m2ið1Þ m3ið1Þ 	 	 	
..
. ..
. ..
.
m2iðnÞ m
3
iðnÞ 	 	 	
2
664
3
775
Mole fraction-based, non-electrolyte OVE: Eq. (A5)
ðp
 xiÞ
*
¼
p


ð1Þ  xið1Þ
..
.
p


ðnÞ  xiðnÞ
* + Bii
Ciii
..
.
* + x2ið1Þ x3ið1Þ 	 	 	
..
. ..
. ..
.
x2iðnÞ x
3
iðnÞ 	 	 	
2
664
3
775
Freezing point summation model: Eq. (20)
ðDTmÞ
* ¼
DTmð1Þ
..
.
DTmðnÞ
* + C1i
C2i
C3i
* +
mið1Þ m2ið1Þ m
3
ið1Þ 	 	 	
..
. ..
. ..
. ..
.
miðnÞ m2iðnÞ m
3
iðnÞ 	 	 	
2
664
3
775
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points. The value of R2 can range from 0, corresponding to a poor ﬁt,
to 1, corresponding to a good ﬁt.
However, R2 does not does not take into consideration the num-
ber of parameters used in the model and will always increase when
a parameter is added [49]. Conversely, the adjusted R2 statistic
does take into account the number of parameters in the model,
effectively applying a penalty for each additional parameter—as
such, it can be used to evaluate the merit of increasing the order
of ﬁt (i.e. adding a coefﬁcient). Adjusted R2 can be deﬁned as [49]
R2adj ¼ 1
ESS=DOFESS
TSS=DOFTSS
; ðB4Þ
where DOFESS ¼ n p is the degrees of freedom for the error sum of
squares and DOFTSS is the degrees of freedom for the total sum of
squares (for the above deﬁnition of the total sum of squares,
DOFTSS ¼ n 1). It should be noted that the osmotic virial equation
does not have an intercept; that is, it passes through the origin (by
deﬁnition, the osmolality of pure water is zero). This is of conse-
quence because in the above deﬁnitions of R2 and adjusted R2, the
deﬁnition of the total sum of squares (Eq. (B3)) is obtained from
the analysis of variance (ANOVA) identity [13,49]
Xn
a¼1
ðyðaÞ  yÞ2 ¼
Xn
a¼1
ðy^ðaÞ  yÞ2 þ
Xn
a¼1
ðyðaÞ  y^ðaÞÞ2; ðB5Þ
which does not hold for regression through the origin [13]. A com-
mon alternative recommendation [13,40] is to use the following
modiﬁed form of the analysis of variance identity for regression
through the origin
Xn
a¼1
ðyðaÞÞ2 ¼
Xn
a¼1
ðy^ðaÞÞ2 þ
Xn
a¼1
ðyðaÞ  y^ðaÞÞ2; ðB6Þ
in which case the deﬁnition for the total sum of squares becomes
TSS ¼
Xn
a¼1
ðyðaÞÞ2; ðB7Þ
with n degrees of freedom. Note that the deﬁnition of the error sum
of squares remains unchanged. Although there has been some con-
troversy [13,20,40,41] regarding the appropriate form of the total
sum of squares to use in the deﬁnition of R2 for regression through
the origin, the argument against using Eq. (B7) (i.e. instead ofEq. (B3)) is essentially that the resulting value of R2 is not directly
comparable to a value computed the ‘‘usual’’ way (i.e. using
Eq. (B3)) and cannot be interpreted in the same way [20,40,41], the
primary consequence being that one cannot evaluate the beneﬁt of
adding/removing an intercept to/from the ﬁtting model. In the case
of the osmotic virial equation, this argument has no ramiﬁcations,
as, by deﬁnition, we cannot consider a model with an intercept
(the osmolality of pure water must be zero). Conversely, the argu-
ment against using Eq. (B3) for regression through the origin is that
it can result in an uninterpretable negative value of R2 [13,40]. Thus,
for choosing the order of ﬁt for the osmotic virial equation in this
work, the adjusted R2 statistic that arises from using Eq. (B7) as
the deﬁnition of the total sum of squares was used, i.e.
R2adj;RTO ¼ 1
P ðyðaÞ  y^ðaÞÞ2=ðn pÞP ðyðaÞÞ2=ðnÞ : ð28Þ
This form of the adjusted R2 is referred to as the regression-
through-origin form in the main body of this work.References
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